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Forces defined in the framework of optical reference geometry are introduced in the case of 
stationary and axially symmetric Kerr black-hole and naked-singularity spacetimes with 
a repulsive cosmological constant. Properties of the forces acting on test particles moving 
along circular orbits in the equatorial plane are discussed, whereas it is shown where the 
gravitational force vanishes and changes its orientation and where the centrifugal force 
vanishes and changes its orientation independently of the velocity of test particles related 
to the optical geometry; the Coriolis force does not vanish for the velocity being non- 
zero. The spacetimes are classified according to the number of circular orbits where the 
gravitational and centrifugal forces vanish. 
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1. Introduction 

In general relativity, the description of particle motion is usually not so illustra- 
tive as in the classical physics, where the Newtonian forces can be routinely used. 
Howeve r, using the optical reference geometry given by M. Abramowicz and his co- 
workers mSEEl^ j,g^j-^ define forces which surprisingly enables us to describe the 
relativistic dynamics in accordance with our natural Newtonian intuition. More- 
over, many important properties of relativistic dynamics in terms of the forces can 
be effectively illust rated by the p roperties of embedding diagrams of the optical 
reference geometry These are just the main advantages of the forces 

defined by M. Abramowicz coinpared to a number of other forces defined in the 
framework of general relativity 
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2 Jin Kovdf and Zdenek Stuchlik 

The forces related to the optical reference ffeometrv were exploited in many 
papers in the case of various types of spacetimes EIZlHliolIIIlIlfi. Here we con 
sider physical relevant stationary and axially symmetric backgrounds around ro- 
tating black holes or naked singularities in the universe with recently indicated 
repulsive cosmological constant, i.e., Kerr-de Sitter (KdS hereinafter) spacetimes. 
Black-hole spacetimes with a non-zero cosmological constant were treated in terms 
of the optical reference geometry in the simplest, spherically symmetric cases of the 

Schwarzschild-de Sitter (SdS hereinafter) and Reissner-Nordstrom-de Sitter space- 
7 1 Q 90 

times jn the later case, naked-singularity spacetimes appear along with 

black-hole spacetimes. 

In Section 2, a brief summary of the Abramowicz definition of the forces in the 
framework of optical reference geometry is given. It is shown that in the special 
reference frame of general stationary spacetimes, the motion of test particles can 
be described by using gravitational, centrifugal, Coriolis, and Euler forces. The 
behavior of these forces can be elucidated in many cases of the test particle motion. 
In this paper, we focus on the forces acting on particles in stationary motion along 
circular orbits in the equatorial plane of the stationary, axially symmetric KdS 
spacetimes. In Section 3, we give general form of the forces (naturally, the Euler 
force vanishes in the case of the stationary circular motion) and in Section 4, we 
summarize basic features of the KdS geometry. The fundamental properties of the 
forces are discussed in Section 5. We show that in a given spacetime, there are several 
circular orbits where the gravitational force vanishes and changes its orientation and, 
generally, several other orbits where the centrifugal force vanishes and changes its 
orientation independently of the velocity of test particles. On the other hand, the 
Coriolis force does not vanish for non-zero velocity. We also discuss the vanishing 
and change of orientation of the forces in the limit cases of the KdS spacetimes, i.e., 
in the Kerr and SdS spacetimes, which clearly demonstrates the influence of the 
cosmological constant and rotation of the central object on moving test particles. 
In Section 6, some concluding remarks are presented. 

2. Forces in stationary spacetimes 

In a stationary spacetime described by a metric gik (with signature -f2), we can 
assume a family of special observers with a timelike and unit 4-velocity field 
and with its 4-acceleration field equal to the gradient of a scalar function called 
'gravitational potential', i.e., ' ■ 

n''nk = -1, Ji'VjTifc = Vfc$. (1) 

It is useful (but not necessary for the definition of the forces) to require the vector 
field rt* to satisfy the condition of hypcrsurfacc orthogonality 

"•[jVjTifc] = 0. (2) 

We can find at least two solutions of the equations ([1]) ; $ = const and correspond- 
ing to the 4-velocity field of freely falling (geodesic) observers or $ = ^ln(— tV^) 
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Forces in Kerr spacetimes with a repulsive cosmological constant 3 

and = e"*;,* corresponding to the 4- velocity field of stationary observers. In tfie 
second case, is tlie unit vector field parallel to the timelike Killing vector field i% 
which exists due to the spacetime stationarity. The equation 

n*V,$ = 0, (3) 

following from the equations (H]), suggests that the special observers with the 
4-velocity n* observe no change in the gravitational potential as their proper time 
passes. It means the observers are fixed with respect to the gravitational field. The 
local instantaneous 3-dimensional (n* orthogonal) space of the observers is described 
by the metric 

hik = gik + niUk, (4) 

the so-called directly projected geometry. It is useful to define the conformally ad- 
justed metric of the spacetime 

9ik = e~'^^gik (5) 

and the conformally adjusted metric of the directly projected geometry 

hik = e^^'^hik, (6) 

the so-called optical reference geometry. 

The 4-velocity of a test particle with a rest mass m can be decomposed into 
the time part and the spatial part (n* orthogonal) in the reference frame of the 
special observers with the 4-velocity by using the relation 

^ j{n' + vt'), (7) 

where r* is the unit spacelike vector (n* orthogonal) along with the 3-velocity with 
the magnitude v (measured by special observers) is aligned. The quantity 7 = (1 — 
^2^-1/2 ^YiQ Lorentz factor, i.e., the normalization factor that makes u^Ui = — 1. 
Moreover, there are jvt^ = u''h\, 7 — —rfui, and h\ = 6\+ n^Uk is the projection 
tensor allowing the special observer to define 3-dimensional quantities by projecting 
4-dimensional quantities into his local instantaneous 3-dimensional space. 

The 4-acceleration of the particle is defined by the relation Uk — u^ViUk. Using 
the relation ((T]) , we can easily derive the following formula for the 4-acceleration (in 
which terms are arranged according to the powers of the velocity and its derivate) 

a/c = 7^Vfc$ -I- 7\(n*V,;Tfc + r'Vink) -f 7^wV*VjTfc + (w7)Tfe + 7?^^, (8) 

where (^7) = u*Vi(7w). By using the spacelike unit vector in the optical reference 
geometry parallel to r*, i.e., the vector = e*r*, its covariant form fi = e~*ri, 
the scalar E = —L^Ui, the identity 7^ = 1 + w^7^ and by denoting v = jv, we obtain 
(after amount of simple but tedious algebra) the 4-acceleration in the form 

Ofc = Vfe$ + 72w(n'V,Tfc -I- r'V.nfc) + u^f'V.ffe + {Ev)Tk + jrik, (9) 

where Vi denotes the covariant derivate with respect to the optical reference geom- 
etry. Note that r* is defined only along the world line of the particle. But in our 
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construction, it is necessary to know how changes along n*. This can be done in 
several different ways (different gauges). The gauge used by M. Abramowicz and 
his co-workers assures that the Lie derivate of r* with respect to t' — e*ri' vanishes, 
i.e., CiTk = i^ViTk — T^'^iLk = 0, which causes that the Coriolis force defined below 
vanishes in static spacetimes ISi. 

By projecting the 4-acceleration ^ into the S-dimensional space and by using 
the condition of hypersurface orthogonality ([2]), we arrive at the formula 

af- = h^ak = + S^f'v^f^. + j^vXj + Vfj, (10) 

where Xj = n^{ViTj — VjTi) and V — u^Vi{Ev). 

A real force acting on a particle (for example a thrust of rocket orbiting a black 
hole) in the 3-dimensional space can be expressed by the relation Fj}- = ma^. This 
equation can be rewritten to the form F^ — ma^ — 0, which suggests that the 
particle is not accelerated in its own comoving frame and the real force is balanced 
by the inertial force Fl.^ — —ma^, i.e., F/j""" -|-F^.^ = 0. Due to the formula PH)) . we 
can decompose this inertial force into the sum of the gravitational Gk'^ , centrifugal 
Zk^ 1 Coriolis Cfc^, and Euler Ek'^ forces, which are familiar from the Newtonian 
physics 

Fl^ = -mai = Gk^ + Zk^ + C,^ + Ek^ , (11) 

where 

TOVfc$, (12) 
mi^T'V^Tk, (13) 
m-f'^vXk, (14) 
mVTk. (15) 

Note that in the context of the optical geometry relativistic approach, the gravita- 
tional force ranks among the inertial forces. 



zt = - 



Ei 



3. Circular motion in stationary and axially symmetric spacetimes 

Stationary and axially symmetric spacetimes admit two Killing vector fields: the 
timelike vector field -q — d/dt and the spacelike vector field ^ — 9/90. These Killing 
vector fields are not orthogonal in general and rfr^i = gu, ffS^i = gt4>^ C^i = 94>4>- 
Their combination, especially = 77* -t- V,lnrfC^ where S^lnrf = — can 
be used for the definition of the special observers 

^e-'i'n' + nLNRFe), (16) 

* = ^ In [-(??' + nLNBHlim + ^lnrfC.)]- (17) 

This 4-velocity, relevant for the construction of the ordinary projected geometry, 
corresponds to the 4-velocity of the locally non-rotating frames moving along cir- 
cular orbits with the angular velocity d(j)/dt — ^lnrf- The timelike vector field 
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(|16p is the unit and hypersurface orthogonal vector field, whereas its 4-acceleration 
equals to the gradient of the scalar function $, just as required in the equations (flj) 
and ([2])- On the other hand, the 4- velocity 

u' ^ e-'^irj' + nC), (18) 

A^hn[-{7f + ne){v^ + nC0] (19) 

corresponding to the circular motion of test particle with the angular velocity 
d(j)/dt — ^ ^LNB.F is not hypersurface orthogonal, i.e., it does not satisfy the 
condition Just this property of the 4- velocity of special observers, i.e., being 
hypersurface orthogonal, naturally ensures that the unit vector r*, used in the de- 
composition ([7]), is located in the hypersurface. Moreover, due to the circular orbits, 
it is directed along the Killing vector i.e., 

- {^"ar'^'C- (20) 

Thus by using relations (fT8|l and ([7]), we obtain the Lorentz factor and the velocity 
in the form 

7 = e*-^, (21) 
v^e-''{e^^)^^Hn~nLNB^F). (22) 

Note that Q — ^lnrf is equivalent to 7 = 1 and v = 0. 

Using the general forms of the inertial forces (fT2l) - p^ (dropping the super- 
script -'-) and the relations p8)) - (|22p . we arrive at the expressions for components 
of the gravitational, centrifugal, and Coriolis forces acting on the particle moving 



along the circular orbit with Q = const 

Gfe = -miVfe(lne2*), (23) 

Zk = mijvr ^(ee.)-'e-2*[e2*Vfe(rC.) - re.V.e^*], (24) 

Ck = mj^v (f e^)''/'e-*[ee.Vfe(77^CO " v'^^^k{e^^)]■ (25) 



Note that the Euler force Ek is non-zero in the case oiil ^ const, being determined 
by r2 = u'V^fi. Due to the axial symmetry and stationarity of the spacetimes, the 
t and ^-components vanish. We will focus on the inertial forces acting on particles 
moving only in the equatorial plane (6 = tt/2) where also the 0-components vanish. 
The gravitational force is velocity-independent, the centrifugal force depends on the 
second power of the velocity, and the Coriolis force depends on the first power of 
the velocity. This indicates the Newtonian character of the forces. Moreover, the 
acceleration necessary to keep a particle in a stationary motion with a velocity v 
along a circular orbit r = const in the equatorial plane can be expressed in a very 
simple form 



a = —Q — [pfvf' Z — 7^wC, 



(26) 
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6 Jin Kovdf and Zdenek Stuchlik 

where 

e = — = -iv,(lne2*) = -V,<i>, (27) 
m L 

Z = - ^(f e.)^'e-2*[e2*V.(r6) - eC.V.e^*], (28) 

m(7u)^ 2 

C = = (e6)-'/'e-*[f C,V.(77'6) - r?^6:V.(r6)] (29) 

are mass and velocity independent parts of the r-components of the forces. Thus, 
analogous to the Newtonian dynamics, this equation enab les an effective discussion 
of the properties of both accelerated and geodesic motion tl^. 

4. Kerr-de Sitter spacetimes 

KdS spacetimes are stationary and axially symmetric solutions of Einstein's vac- 
uum equations with a positive (repulsive) cosmological constant. The KdS solution 
describes geometry of spacetime around an isolated Kerr (rotating and uncharged) 
black hole or naked singularity determined by its mass M and specific angular 
momentum a in the universe with the repulsive cosmological constant A > 0. 

In the standard Boyer-Lindquist coordinates (t, r, 0, (f) and geometric units (c = 
G = 1), the line element of the KdS geometry is given by the relation 

ds^ = -^{dt - asin^ 0d0)2 + ^'f^^^ ladt - (r^ + a^)d<f>]^ + (30) 



Ar Ah 



where 



A,. = r^ - 2Mr + - -Ar\r^ + a^), (31) 
3 

Ae = 1 + ^Aa^cos^e*, (32) 
o 

1 = 1 + ^Aa^, (33) 

p2 ^ + cos^ e. (34) 

It is convenient to use the following dimensionless quantities: r/M r, t/M — > 
s/M ~f s, a/M — > a and introduce the dimensionless cosmological parameter 

y = ^AM2, (35) 

i.e., we express all of these quantities in units of M. It is equivalent to putting 
M = 1. 

The KdS geometry, being stationary and axially symmetric, admits the Killing 
vector fields rj = d/dt and ^ = d/d(f). The stationary regions of the spacetimes are 
determined by the relation Ar{r; ,y) > and these are limited by the inner and 
outer black-hole horizons at r^^ and rfi+ and by the cosmological horizon at Tc, 
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Forces in Kerr spacetimes with a repulsive cosmological constant 7 

which arc the real roots of the equation Ar(r; a^, y) — 0. Then spacetimes containing 
three horizons are black-hole spacetimes, while spacetimes containing one horizon 
(the cosmological horizon exists for any choice of the spacetime parameters) are 
naked-singularity spacetimes. Spacetimes with two horizons are extreme black-hole 
or extreme naked-singularity spacetimes. 

It follows from the relation Ar{r; a^, y) = that for given values of the rotational 
and cosmological parameters and y, the loci of horizons are given by solutions of 
the equation 

y.2 2r + 

y yh{r;a^) ^ 2^ 2 I — 2\- 

Because of the repulsive cosmological constant, the solutions are restricted by the 
condition 

2/h(r;a')>0. (37) 

The asymptotic behavior of the function yh{r] a?) is given by y/i (r — > oo ; ) — > +0 
and yh{f ~> 0; o?) oo. The local extrema of yh^r] a?) are determined (due to the 
condition dr Vhii", a^) = 0) by the relation 

a2(r) =aLW = ^(-2r2 + y8fTTr-Hr). (38) 

The maximum of the function a|g(r) is located at r = 1.616 and takes the value 

a'™. -1-212 (see FigM). 

We can distinguish three different types of behavior of yh{r; a^) (see Fig. [3l). For 
< 1.212, y;i(r;a^) has two local extrema ?//t,mm(a^) and yh,max{o-'^) determined 
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Fig. 1. (a) The characteristic function a^^.C'') governing the location of extrema of the function 
yii{r;a^). For given a^, the extrema of yfi(r;a?) are determined by the solutions of a? = o.'^g.ir) 
(note the dashed line a? = 1.06 and compare with Fig. [TJj). (b) The function 3/h{r;a^) deter- 
mining the loci of event horizons of the KdS spacetimes and limiting the dynamic region where 
y > yf^{r;a?) (gray). The function is given for a? = 1.06. For given y and a^, the horizons are de- 
termined by the solutions oiy = yh{i", o-^)- In the parameter line (y) of the spacetimes, the extrema 
of yii{r; a^) separate regions corresponding to the black- hole spacetimes BH and naked-singularity 
spacetimes NS for given values of the rotational parameter . 
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8 Jin Kovdf and Zdenek Stuchltk 

by (p6|) and (l38|) (see Fig. [Jd). The black- hole spacetimes exist for yh,min{a^) < 
y < yh,max(p^) and y > 0, while the naked-singularity spacetimes exist for < 
y ^ yh.rain (a^) or y > yh.max{a^)- For = 1.212, the extrema yh,min{a'^) and 
yh,maxiO'^) coiucidc at yh,crit = 0.059, which is the limiting value for the black-hole 
spacetimes. For > 1.212, yh{r; a^) has no extrema and there are only the naked- 
singularity spacetimes^. The parameter plane {a?,y) separated by the functions 
yh.minio?) and yh.maxia'^) into the regions corresponding to the black-hole and 
naked-singularity spacetimes is illustrated in Figs \MS\ 

5. Forces in Kerr-de Sitter spacetimes 

We will discuss the vanishing and change of orientation of the gravitational, cen- 
trifugal, and Coriolis forces acting on a particle in stationary motion along a circular 
orbit in the equatorial plane of the KdS spacetimes. The velocity dependent forces 
(centrifugal and Coriolis) naturally vanish for = 0. It is, however much more inter- 
esting to establish the radii of circular orbits where the forces vanish independently 
of the velocity of the motion. It means, we have to determine the zero points of the 
velocity independent parts of the forces ([27 |l -([29 |) . which in KdS spacetimes with 
the line element (l30l) take the form 



g{r; a^,y) = {rA^K^^y + {yr^ +r + 2)a^ + r^]}-^ {r^ {a^ + r'^fy'^ + 

r^{a^ -I- r2)p + a^{r + 4)]y - - 2r^a^ + ira^ - a^}, (39) 

Z(r;a^y) = {rAr[ra^y + [yr^ + r + 2)0^ + r^]y^{r^a^{a'^ + r^)y^ + 

r^a%2r + 5)0^ + r^(2r + 3)]y + r^{r - 3) + 

ra2[r(r-3)+6]-2a'^}, (40) 

These functions are well defined in the region where Ar(r; a^, y) > 0, i.e., at all radii 
of the stationary regions except the radii of horizons where the functions diverge 
as well as in the ring singularity given by the equation = 0. Note that the zero 
points of the functions also enable us to discuss changes of the orientation of the 
forces. It is immediately clear from the relation ([4T|) that the Coriolis force can not 
vanish for w ^ 0. Therefore we will restrict our attention only to the gravitational 
and centrifugal forces. 

5.1. Gravitational force 

It follows from the relation ((39| that for given values of the rotational and cosmo- 
logical parameters and y, the radii of circular orbits where the gravitational force 
vanishes are given by solutions of the equation 



^ 2n -r^ - ra'^{r + 4) ± ^/^(a^ + r'^)[r^ + r'^a'^{r + 12) + 4a4] 

y = yG±[r;a ) = 022/2, 2\ • 
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Forces in Kerr spacetimes with a repulsive cosmological constant 9 

Because of the reality condition of the forces Ar(r;a^,?/) > and the repulsive 
cosmological constant, the solutions are restricted by the relation 

0<yG{r;a^) <yh{r;a^) (43) 

and the plus sign in the function (|42|) is only relevant, i.e., 2/G+(r;a^) = ?/G(r;a^). 
In order to obtain a number of the solutions of (|42p and (|43)) in dependence on the 
parameters and y, i.e., to classify the KdS spacetimes according to the number 
of circular orbits where Q(r\a?,y) = 0, we have to determine the properties of the 
functions yciria^) and yh{r;a'^). 

The asymptotic behavior of the function ydf", a^) is given by ydf ~* oo; a?) — > 
+0, ycir 0;a^) oo, whereas yaii" 0;a^) < yh{r — > 0;a^) and yair 
oo;a^) < yiiif ^ oo;a^). The common points of yG{r;a^) and yh(r]a?) are given 
by the relation 

1 



a 



1 



(r) = -{-2r^ + \/8r + Ir + r). (44) 



2 



The maximum of the function aQi^ir) is located at r = 1.616 and takes the value 
OGhmax = 1.212. Sincc aQf^{r) and a^g(r) are identical, the common points of 
yQ{r]a?) and yh{r]a'^) coincide with the extrema of yh{r;a'^). The zero points of 
ycif] 1^) are given by the relation 

r'^ + 2r'^a^ - ira^ + a" = 0, (45) 

which we consider as the implicit form of the function Oqq (r) . The maximum of this 
function takes the value Qqq = 1.688 and is located at r = 0.750. The common 
point of ag.Q(r) and OQ^ir) is located at r = 1 and takes the value a? ~ \. The local 
extrema of yci^', o^) a-re determined (due to the condition dr yciT] ci^) =0) by the 
equation 

, (.-+a-)(9.^ + 8aV+3a^) , ^^^^ 

which we consider as the implicit form of the function clqi,{t) with the maximum 
ace.^ax = 2.441 at r - 1.357. 

All the characteristic functions a^^i^), aQg(r), and aQ^{r) are illustrated in 
Fig. [21 These functions enable us to understand the different behavior of the func- 
tions ycif] o?) and ?//i(r; a^) (see Fig. [3]). For a? < 1.212, ycif] a^) has two common 
points with yh{r\a?') determined by the equations (|42p and ([H]). For a? — 1.212, 
these points coincide and for > 1.212, there are no such points. For < 1.688, 
yG{r;a'^) has two zero points determined by the Eq. (|i5)) . For = 1.688, these 
points coincide and for > 1.688, there are no such points. For < 2.441, 
ycif", o?) has two local extrema yG,min{o^'^) and yG.maxio-'^) determined by the equa- 
tions ((42l) and (|46p . For — 2.441, these extrema coincide and for > 2.441, there 
are no extrema of yGif] a^)- 

The radii of circular orbits where the gravitational force has its local extrema 
are determined by solutions of the equation dr{Q) = 0, which we consider as the 
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implicit form of the function yG.ext{i", a^) (we do not give this expression here due to 
its length) . The gravitational force changes its orientation at points of its vanishing 
if and only if it has no local extrema there. Thus common points of the functions 
yG,ext{i"iO'^) and yG(T]o^) determine the circular orbits where the force vanishes 
but does not change its orientation. These common points are determined by the 
equation identical with (|46|) . i.e., they are governed by the function ag.g(r) and 
coincide with the extrema of the function yaii", a^)- 

The classification of the KdS spacetimes according to the number of circular or- 
bits where Q{r] a? — can be now given in the following way. We can distinguish 
six different types of behavior of j/g('"; o?) and yh{r] a?). 

Type A: < < 1 (Fig. [3^) 

The functions yci'i'^a'^) and yh{r;a'^) have both two extrema; ycmaxio^'^) > 
yh.max {a") > 0, (a^) < yh,min{a^) < 0. Spacetimes with y > yh,max{a'^) 

(NS-G1a) contain one circular orbit where the gravitational force vanishes and 
changes its orientation. Spacetimes with Q <y < yh,max{a'^) (BH-G2a) contain two 
such orbits, whereas the inner one occurs in the inner BH region and the outer 
one occurs in the outer BH region. Note that here, and henceforth, the values of 
yG{r;a'^) > yh{r;a^) as well as yG{r;a'^) < are irrelevant because they do not 
satisfy the condition (j43|). 



2.5 



2 



1 

0.5 



0.5 1 1.5 2 2.5 3 

r 

Fig. 2. Characteristic functions (iQi^{r) (dashed-dotted) governing the common points of the 
functions ycii", o?) and yh{i", o-^) coalescent with the extrema of yhii", o?)', o.Qoi''') (solid) governing 
the zeros of yG(r;a^); (dashed) governing the loci of the extrema of yQ{r\o?). Inside 

the gray region, there is yG(r\a?) < or yaiT^a^) > yh{i",o?)y i-e, the circular orbits where 
Q{r; a? ,y) = cannot occur there. For given a? , the common points of yci'i't o.^) and yhi^t the 
zeros, and the extrema of yG{r;a^), respectively, are determined by the solutions of = o^Qi^^r), 
= aQQ(r), and a? = o,Q^{r), respectively. In the parameter line {a'^), the extrema and common 
points of the characteristic functions separate six regions A-F corresponding to different behavior 
oiyQ{r;a^) andyft(r;a-^) (see Fig. [Sj . 
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Forces in Kerr spacetimes with a repulsive cosmological constant 11 

Type B: 1 < < 1.212 (Fig. [3^) 

The functions yaii^iO,^) yh{r;a?) have both two extrema; yG.mini'^'^) < 0, < 
yh,rnin(a'^) < yh,max{a'^) < yG,max{a^)- Spacetimes with y > yh,max{a^) (NS-G1b) 
contain one circular orbit where the gravitational force vanishes and changes its 
orientation, while spacetimes with < y < yh,min{a^) (NS-G3b) contain three such 
orbits. Spacetimes with yh,min 

(a^) < y < yh,max{a'^) (BH-G2b) contain two such 



o.oern I ' ' ' 1 o-o^fT 





oil . . . J 0^ . . . ^ 

01234 01234 



Fig. 3. Function j/G(r, a^) (solid) determining the radii of circular orbits where Q(r\ a? ,y) = 0; 
yfi{r,o?) (dashed) determining the location of event horizons and limiting the dynamic region 
where y > yfi{r;o?) (gray). There are examples of qualitatively different types of behavior of 
yci^'t"-^) S'lid Vhi'i'tO,^)- For given y and a^, the orbits where Q{r;a? ,y) = are determined by 
solutions of y = J/oC^i'^^) restricted by the conditions < yci^'t'^^) < 2/h{^i<*^) (i-6., the 
negative or zero parts of yG(r; a^) and the parts in the gray region or on its border are irrelevant). 
The horizons are determined by solutions of y = yf^{r;cL^). In the parameter line (j/) of the 
spacetimes, the extrema of yoi'^'t o-^) a^nd j/h(r; a^) separate the regions corresponding to the KdS 
spacetimes BH-G2, NS-Gl, NS-G2, and NS-G3 differing in the number of circular orbits where 
G{r; a^,y) = for given values of the rotational parameter a^. 
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orbits. The inner one occurs in the inner BH region and the outer one occurs in the 
outer BH region. 

Type C: a? = 1.212 (Fig.[3p) 

The function ya{r;a'^) has two extrema and y?i(r;a^) has no extrema; yG,min < 0, 
UG.max & yh{r;a^). Spacetimes with y > yG,max{a'^) (NS-Glc) contain one circu- 
lar orbit where the gravitational force vanishes and changes its orientation, while 
spacetimes with < y < yG,max{a^) (NS-G3c) contain three such orbits. 

Type D: 1.212 < < 1.688 (Fig. [SD) 

The function 2/g('';o^) has two extrema and yfi{r;a'^) has no extrema; yG,min !i 0, 
yG,max > 0. Spacetimes with y > yG,max{a^) (NS-G1d) contain one circular orbit 
where the gravitational force vanishes and changes its orientation, while spacetimes 
with < y < yG,max{o^) (NS-G3d) contain three such orbits. Spacetimes with 
y = yG,max{o^) (NS-G2d) Contain two orbits where the gravitational force vanishes, 
but the orientation is changed only on the inner orbit. 

Type E: 1.688 < a? < 2.441 (Fig.[3f]) 

The function yG{r;a^) has two extrema and yh{r]a?) has no extrema; < 
(a^) < ycmaxia'^)- Spacetimes with y > ycmaxia"^) or < y < yG,rnin{a'^) 
(NS-G1e) contain one circular orbit where the gravitational force vanishes and 
changes its orientation, while spacetimes with 2/G,mm(a^) < y < yG,max{(i^) (NS- 
G3e) contain three such orbits. Spacetimes with y = yG,min(a^) or y = yG,max{<i^) 
(NS-G2e) contain two orbits where the gravitational force vanishes, but the orien- 
tation is changed only on one of these orbits. 

Type F: 2.441 < a? < oo (Fig.[3p) 

The functions yG{f",a^) and yh(r]a?) have no extrema. All the spacetimes with 
< y < oo (NS-G1f) contain only one circular orbit where the gravitational force 
vanishes and changes its orientation. 



In the parameter plane (a^, y) of the KdS spacetimes, the functions yG,min{a^), 
yG,max{a^)-, yh,raax{a'^), and yh,min{a'^) separate four regions corresponding to one 
class of the KdS black-hole spacetimes BH-G2 



Class 


Subclass 


Orbits 


Interval of a^ 


Interval of y 


BH-G2 


BH-G2A 


2 


(0,1) 


(0, yh.maxia'^)) 




BH-G2B 


2 


(1,1.212) 


{yh.,Tnin{a'^),yh,max{a'^)) 



and to three classes of the KdS naked-singularity spacetimes NS-Gl, NS-G2, and 
NS-G3 differing in the number of circular orbits where t/(r; ,y) = 0. 
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Class 


Subclass 


Orbits 


Interval of a^ 


Interval of y 


NS-Gl 


NS-GlA 


1 


(0,1) 


{yh,niax{a'^),Oo) 




NS-GlB 


1 


(1,1.212) 


{yh,niaxia'^),Oo) 




NS-Glc 


1 


a2 = 1.212 


(2/G,max(a^),Oo) 




NS-GlD 


1 


(1.212,1.688) 






NS-GlE 


1 


(1.688,2.441) 


(0, VCminia^)) U [VCniaxia^), Oo) 




NS-GlF 


1 


(2.441, oo) 


(0,oo) 


NS-G3 


NS-G3B 


3 


(1,1.212) 


(0, y/j,mm(a2)) 




NS-G3C 


3 


a2 = 1.212 


{^,yG,niax{a'^)) 




NS-GSd 


3 


(1.212,1.688) 


{0,yG,maxia^)) 




NS-G3E 


3 


(1.688,2.441) 


{y a, rain (o^ ) , yG,niax {o^ ) ) 


NS-G2 


NS-G2D 


2 


(1.212,1.688) 


y = yG,max{a^) 




NS-G2E 


2 


(1.688,2.441) 


y = yG,min{a'^) U yG.niaxia"^) 



In Fig. m we give the behavior of the functions yG,min{a'^), yG,max{a^), 
yh.maxia'^), and yh,min(fl'^)- Qualitatively different types of behavior of the func- 
tion Q{r; a^,y) corresponding to the given classification are illustrated in Fig. [5l 



. 14 
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BH-G2 


NS-G3 


NS-G2 
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2.5 



Fig. 4. The classification of the KdS spacetimes according to the number of circular orbits where 
Q{r;a^,y) = 0. The functions Vh max{o.'^) (dashed-upper) and Vh min{<^^) (dashed-lower) deter- 
mining the extrema of yf^(r\a?) separate regions corresponding to the black-hole spacetimes BH- 
G2 with two circular orbits where Q(r;a?,y) = and to the naked-singularity spacetimes. For 
> 1.212, the functions yG,max{o?) (solid-upper) and yG,min{o?) (solid-lower) determining the 
extrema of yG{r;a?) determine the spacetimes NS-G2 with two circular orbits and separate the 
regions corresponding to the NS-Gl and NS-G3 naked-singularity spacetimes with one and three 
circular orbits where Q{r\a? ,y) = 0. For a? < 1.212, the function yG,max{o?) (dotted) does not 
influence the classification as well as the negative parts of the functions y^ mini'^^) a^nd VG ,min{0''^) 
which are not illustrated here. 
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Schwarzschild-de Sitter and Kerr cases 

In the SdS spacetimes "-^ (a^ — 0, y > 0), we obtain from the relation ((39|) that the 
mass independent part of the gravitational force is given by the relation 

r^y — 1 

Gsds{r;y) = — , (47) 

where = — 2r — yr'^. The gravitational force is well defined in the stationary 
regions where > 0, i.e., at all radii between the black-hole and cosmological 



BH-G2 : a^=0 . 9, y=0 . 02 BH-G2 : a^=0 . 9, y=0 . 02 




00.10.20.30.40.50.6 2 3 4 5 




0123456 012345 




0123456 0.5 1 1.5 2 2.5 3 



Fig. 5. The mass independent part of the gravitational force. There are examples of qualitatively 
different types of behavior of Q{r; a^,y) corresponding to the classification of the KdS spacetimes 
according to the number of circular orbits where G{r; ,y) = 0. The first type of behavior cor- 
responding to the class BH-G2 is illustrated in the inner and outer stationary black-hole regions 
separately. Positive (negative) parts of Q(r;o?,y) determine repulsive (attractive) force oriented 
outwards (towards) the singularity at r = 0. The zero points of the function determine the radii 
of circular orbits where the gravitational force vanishes. The vertical lines denote the asymptotic 
behavior of the function at event horizons. 
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event horizons given by solutions of the equation 

r — 2 

y = VhSdsir) = (48) 

Both horizons coincide in the case oi y = 1/27 at r = 3 and for y > 1/27 there 
are no horizons, i.e., aU the spacetime is dynamic. The function Gsdsif] y) diverges 
at the radii of horizons and vanishes only at the static radius r — y~^^^ where the 
gravitational attraction of the black hole is balanced by the cosmological repulsion 
11^. In the case oi y = 1/27 the static radius coincide with the horizons. Thus there 
is only one class of the stationary SdS spacetimes BHsdS-Gl {0 < y < 1/27) with 
one circular orbit at the static radius where the gravitational force vanishes and 
changes its orientation (see Fig. [6]). 

The circular orbit with the static radius has an important meaning even in the 
KdS spacetimes. It is the outer limit for existence of circula r ge odesies where two 
families of the geodesic circular stationary motion coalesce According to the 
equation the radii of circular geodesies satisfy the condition 

gir;a\y) + i-fv)^Z{r;a\y)+j^vCir;a\y)^0. (49) 

It can be shown that the relation r < y~^/'^ is the condition for the velocity v to 
be real. Thus it is also the necessary condition for the stationary circular geodesic 
motion in the equatorial p lane of the KdS spacetimes. 

In the Kerr spacetimes'^ (a^ > 0, y = 0), we obtain from the relation ([39)1 the 




Fig. 6. The mass and velocity independent parts of the gravitational (solid) and centrifugal 
(dashed) forces. There are examples of the only type of behavior of Q sdsb'W) ^.nd Zgjg(r;y) 
corresponding to the classes BHSdS-Gl and BHSdS-Zl. Positive (negative) parts of 65^3 (r; y) and 
Zs^s{r\y) determine repulsive (attractive) forces oriented outwards (towards) the singularity at 
r = 0. The zero points of the functions determine the radii of circular orbits where the forces vanish 
independently of the velocity. The vertical lines denote the asymptotic behavior of the functions 
at event horizons. 
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mass independent part of the gravitational force in the form 



a 



4 



where — r^—2r+a^. In the Kerr spacetimes, the gravitational force is well defined 
in the stationary region where > 0, i.e., it is not defined in the dynamic region 
between the inner and outer black-hole event horizons determined by solutions of 
the equation 

a' = al^{r)^r{2~r). (51) 

The maximum of the function a^^(r) is located at r = 1 and takes the value 
a\x max — 1- F'or < 1, there are black- hole spacetimes containing two horizons, 
which coincide for a? = 1. The naked-singularity spacetimes with no horizon exist 
for > 1. It follows from the relation (jSOp that for given values of the rotational 
parameter a^, the gravitational force vanishes on circular orbits with the radii de- 
termined by solutions of the equation 

+ 2r^a^ - W a'' = 0, (52) 

which we consider as the implicit form of the function aQ^(f), and restricted by 
the condition 

a^GK^j) > alAr)- (53) 

The function aQj^{r) clearly coincides with the function a^Q(r). Its maximum is 
located at r = 0.750 and takes the value Oqj^ .^-^^^ = 1.688. For given values of the 
rotational parameter a^, the local extrema of the function QKir^a?) are given by 
solutions of the equation 

a^{l +r)+ 'ia^r[r{r - 1) - 1] + 2aV[r2(3r - 10) 4] + 

4aV[(r(r -4) -1-5] -Hr^(r- 1) = 0, (54) 

which we consider as the implicit form of the function a^eif radii of circular 

orbits where the gravitational force vanishes and does not change its orientation 
are determined by common points of o,Qj^{r) and ciQ^j^{r). The only such point 
satisfying the condition (j53p corresponds to the maximum of ciQj^ir). 

All the characteristic functions a^^(?'), £iGAr('')' ^-Geifl^) ^^'^ illustrated 
in Fig. [7l In the parameter line (a^) of the Kerr spacetimes, the extrema of the 
characteristic functions separate regions corresponding to one class of the Kerr 
black-hole spacetimes BHk-G1 and to three classes of naked-singularity spacetimes 
NSk-GO, NSk-G1, and NSk-G2 differing in the number of circular orbits where 
fe(r;a2) = 0. 

Class BHk-GI: < < 1 

In the inner stationary region of the spacetime, there is one orbit where the gravi- 
tational force vanishes and changes its orientation. In the outer stationary region, 
there is no such orbit. 
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Class NSK-G2: 1 < < 1.688 

There are two orbits where the gravitational force vanishes and changes its orien- 
tation. Note that the inversion of orientation of the gravitational force in the field 
of Kerr naked singularities was first noticed by de Felice 



Class NSk-GI: = 1.688 

There is one orbit where the gravitational force vanishes but does not change its 
orientation. 



Class NSk-GO: > 1.688 

There is no orbit where the gravitational force vanishes. 

Qualitatively different types of behavior of the function Qk('I",o?') corresponding 
to the given classification are illustrated in Fig. [51 

5.2. Centrifugal force 

It follows from the relation (|40|l that for given values of the rotational and cosmo- 
logical parameters and y, the radii of circular orbits where the centrifugal force 

4 
3 
2 



1 



0.5 1 1.5 2 




Fig. 7. Characteristic functions o'^j^{r) (dashed-dotted) determining the loci of event horizons 
and limiting the dynamic region where o? < o^j^ (r) (gray) ; {r) (solid) determining the circular 
orbits where Qjf{r\a?) = 0; o,Q^fc{^) (dashed) determining the extrema of C7j^'(r;a^). For given 
, the loci of horizons are determined by the solutions of = o,f^j^(r). The circular orbits where 
QK{r;a^) = and the extrema of Gfc{r;a^), respectively, are determined by the solutions of 
= iQ^(r) and = respectively, and restricted by the conditions ciQf^(r) > o.'f^f^ir) 

and a,'Q^j^{r) > a'^j^(r) (i.e., the parts of o,Qj^(r) and clq^x^^) gray region or on its border 

are irrelevant). In the parameter line (a^), the extrema of the characteristic functions separate 
regions corresponding to one class of the Kerr black-hole spacetimes BHK-Gl with one circular 
orbits and to three classes of the Kerr naked-singularity spacetimes NSK-G2, NSK-Gl, and NSK-GO 
with (subsequently) two, one, and none circular orbits where Qfc{r;a^) = 0. 
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vanishes independently of the velocity are given by solutions of the equation 

y = yz±{r; a^) = {2aV(a2 + r^)}-^{-{2r + 5)ra^ - r^{2r + 3) ± 

Vr(a2 + 3r2)[8a4 + ra^{lQr + 1) + r^{8r + 3)]}. (55) 

Because of the reality condition of the forces Ar(r;a^,2/) > and the repulsive 
cosmological constant, the solutions are restricted by the relation 

0<yz{r;a^) <yh{r;a^) (56) 




Fig. 8. The mass independent part of the gravitational force. There are examples of qualitatively 
different types of behavior of Qk{^\ <^'^) corresponding to the classification of the Kerr spacetimes 
according to the number of circular orbits where Qi^{r;a'^) = 0. The first type of behavior corre- 
sponding to the class BHK-Gl is illustrated in the inner and outer stationary black-hole regions 
separately. Positive (negative) parts of GK{r\<J,^) determine repulsive (attractive) force oriented 
outwards (towards) the singularity at r = 0. The zero points of the function determine the radii 
of circular orbits where the gravitational force vanishes. The vertical lines denote the asymptotic 
behavior of the function at event horizons. 
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and the plus sign in the function (I55p is only relevant, i.e., yz+ir^a^) = yz{'r',a?'). 
In order to obtain a number of the solutions of (j55p and (|56p in dependence on the 
parameters and y, i.e., to classify the KdS spacetimes according to the number 
of circular orbits where Z{r] ,y) = 0, we have to determine the properties of the 
functions yz{r]a?) and yh{r;a^). 

The asymptotic behavior of the function yzif", a?) is given by ^^(r ^ cx); a^) — > 
— oo, yz{r — * 0;a^) ~> oo, whereas yzir ^ 0;a^) < yh{r ~* 0;a^) and yzir 
oo;a^) < yhir oo;a^). The common points of yz{r',a^) and yh{r;a?) are given 
by the relation 

= a|^(r) = \{-'2r^ + VSr + Ir + r). (57) 

The function a%i^{r) is identical with the function aQ^(r) and its maximum is located 
at r = 1.616 and takes the value a^,^ = 1.212. Since a%i^{r) and a^g(r) are also 
identical, the common points of yz{^',0'^) a-nd yh{r]a^) coincide with the extrema 
of t//i(r; a^). The zero points of yzir; a^) are given by the relation 

r'^{r - 3) + ra^lrir - 3) + 6] - 2a^ = 0, (58) 

which we consider as the implicit form of the function a^Q (r) . The maximum of this 
function takes the value a^Q ^^^^^ = 1.367 and is located at r = 0.812. The common 
point of a^Q(r) and a\h{r) is located at r = 1 and takes the value = 1. The local 
extrema of yz{r] a?) are determined (due to the condition dr yz{r; a^) — 0) by the 
equation 

{Vr-(a2 + 3r2)[8a4 + r(16r + l)a'^ + r^{8r + 3)]}"^ x 
[12a^ + r(48r + l)a^ + 3r3(24r + l)a'^ + 3r^{16r + l)a^ + 

3r^(4r + 3)] - 50"^ - Ur^a^ - 3r^ = 0, (59) 

which we consider as the implicit form of the function a%i,{r) with the maximum 
al„ = 1-813 at r = 1.329. 

All the characteristic functions a%i^{r), a'^Q{r), and a\^{r) are illustrated in 
Fig. [21 These functions enable us to understand the different behavior of the func- 
tions yz{T] a^) and y/i(r; a?) (see Fig.lTU]). For a? < 1.212, yz{r; a?) has two common 
points with yhir^a^) determined by the equations (|55p and ((57|) . For a? = 1.212, 
these points coincide and for > 1.212, there are no such points. For < 1.367, 
yz{r;a'^) has two zero points determined by the Eq. ((58|l . For = 1.367, these 
points coincide and for > 1.367, there are no such points. For < 1.813, 
yzir; a^) has two local extrema yz,min(a^) and yz,max(p?) determined by the equa- 
tions ([55|) and (|59p . For a? — 1.813, these extrema coincide and for a? > 1.813, 
there are no extrema of yz{r; a^). 

The radii of circular orbits where the centrifugal force has its local extrema 
are determined by solutions of the equation dr{2) = 0, which we consider as the 
implicit form of the function yz.exti^', cl^) (we do not give this expression here due 
to its length) . The centrifugal force changes its orientation at points of its vanishing 
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if and only if it has no local extrema there. Thus common points of the functions 
yz.extif', a^) and yz(T;a?') determine the circular orbits where the force vanishes 
but does not change its orientation. These common points are determined by the 
equation identical with (j59p . i.e., they are governed by the function a?z^{r) and 
coincide with the extrema of the function yz(r]a^). 

The classification of the KdS spacetimes according to the number of circular or- 
bits where Z(r; a'^,y) — can be now given in the following way. We can distinguish 
six different types of behavior of yz{r', a^) and t//i(r; a^). 

Type A: < < 1 (Fig. ^U^) 

The functions yz{r;a^) and yh{r;a'^) have both two extrema; yz,max{o,'^) > 
[a") > 0, yz,min{o-'^) < Vh,min{o?) < 0. Spacctimcs with y > yh,max{o-'^) (NS- 
ZIa) contain one circular orbit where the centrifugal force vanishes independently of 
the velocity and changes its orientation. Spacetimes with < y < yh,max{o?) (BH- 
Z2a) contain two such orbits, whereas the inner one occurs in the inner BH region 
and the outer one occurs in the outer BH region. Note that here, and henceforth, 
the values of yz{r;a'^) > yh{r;a^) as well as yz{r;a^) < are irrelevant because 
they do not satisfy the condition ((56l) . 

Type B: 1 < < 1.212 (Fig. [10^) 

The functions yz{r]a^) and yh{r]a^) have both two extrema; yz.min{o^) < 0, < 
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Fig. 9. Characteristic functions o,%i^{i') (dashed-dotted) governing the common points of the 
functions yz{i", i'^) and j//i(r; a^) coalescent with the extrema of yh(r; a^); a?zo(^^ (solid) governing 
the zeros of yz(r\ '^^gC'") (dashed) governing the loci of extrema of yz{'>", o-^)- Inside the gray 
region, there is yzii", o,'^) < or yzi^] i^) > yhi^'t i^^): the circular orbits where Z{r; a^,y) = 
cannot occur there. For given a^, the common points of yz{i", ci^) and j/h(r; a^), the zeros, and the 
extrema of yzi^'iO?), respectively, are determined by the solutions of = o?^i^(t), = a^^^r), 
and = a^^(r), respectively. In the parameter line (a^), the extrema and common points of the 
characteristic functions separate six regions A-F corresponding to different behavior of yz(r;a'^) 
and j/h(r;a^) (see Fig. IIOII . 
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yh,min{a?) < yh,max{a'^) < yz,max{.a^)- Spacctimes with y > yh,max{a^) (NS-Z1b) 
contain one circular orbit where the centrifugal force vanishes independently of the 
velocity and changes its orientation, while spacetimes with < y < yh,min{o?) 
(NS-Z3b) contain three such orbits. Spacetimes with yh.mini^^'^) 1^ y < yh.maxi^^"^) 
(BH-Z2b) contain two such orbits. The inner one occurs in the inner BH region and 
the outer one occurs in the outer BH region. 




Fig. 10. Functions yz{r, a^) (solid) determining the radii of circulaj: orbits where Z{r; o? ,y) = 0; 
y/i (r, ) (dashed) determining the location of event horizons and limiting the dynamic region 
where y > 2//i(r;a^) (gray). There are examples of qualitatively different types of behavior of 
?/z(r;a^) and yfi{r;a'^). For given y and a^, the orbits where Z{r\a? ,y) = are determined 
by solutions of j; = yz(ir-.a^) and restricted by the conditions < yz(ir;o?) < yf^(r-,a'^) (i.e., 
the negative or zero parts of {/z(r;a^) and the parts in the gray region or on its border are 
irrelevant). The horizons arc determined by solutions of y = yh{''\ a^)- In the parameter line (y) of 
the spacetimes, the extrema of yz{r;a?) and yh{''",o?) separate the regions corresponding to the 
KdS spacetimes BH-Z2, NS-Zl, NS-Z2, and NS-Z3 differing in the number of circulaj: orbits where 
Z{r;a?,y) = for given values of the rotational parameter a?. 
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Type C: = 1.212 (Fig.[lOC) 

The function yzi^'jO-'^) has two extrema and yh{r;a'^) has no extrema; yz.min < Oj 
yz,rnax G yh{r;a?). Spacetimes with y > yz,max{a?) (NS-Zlc) contain one circu- 
lar orbit where the gravitational force vanishes and changes its orientation, while 
spacetimes with < y < yz.max{a^) (NS-Z3c) contain three such orbits. 

Type D: 1.212 < < 1.367 (Fig. [lOt)) 

The function yz{r;a?) has two extrema and yh{r\a^) has no extrema; yz,min < 0, 
yz,max > 0. Spacetimes with y > yz,max{o.^) (NS-Z1d) contain one circular orbit 
where the centrifugal force vanishes independently of the velocity and changes its 
orientation, while spacetimes with < y < yz,max(p^) (NS-Z3d) contain three 
such orbits. Spacetimes with y = yz.max{o^) (NS-Z2d) contain two orbits where 
the centrifugal force vanishes independently of the velocity, but the orientation is 
changed only on the inner orbit. 

Type E: 1.367 < < 1.813 (Fig.[lOf]) 

The function yz{r;a'^) has two extrema and yh{r;a'^) has no extrema; < 
yz^minia'^) < yz,m.ax{a'^)- Spacctimcs with y > yz,max{a'^) or < y < yz.mtnia'^) 
(NS-Z1e) contain one circular orbit where the 

centrifugal force vanishes independently of the velocity and changes its orienta- 
tion, while spacetimes with yz,min{o?) < y < yz,max{o-'^) (NS-Z3e) contain three 
such orbits. Spacetimes with y = yz,min{a'^) or y = yz,max{o?) (NS-Z2e) contain 
two orbits where the centrifugal force force vanishes independently of the velocity, 
but the orientation is changed only on one of these orbits. 

Type F: 1.813 < a? < oo (Fig.[lOf) 

The functions yzir'^a^) and yh{r\a?) have no extrema. All the spacetimes with 
< y < cx) (NS-Z1f) contain only one circular orbit where the centrifugal force 
vanishes independently of the velocity and changes its orientation. 

In the parameter plane (a^,y) of the KdS spacetimes, the functions yz,min(a^), 
yz,max{a'^), yh,max{a^), and yh,minia'^) separate four regions corresponding to one 
class of the KdS black-hole spacetimes BH-Z2 



Class Subclass 


Orbits 


Interval of 


Interval of y 


BH-Z2 BH-Z2A 


2 


(0,1) 


{0,yh.,Tnaxia'^)) 


BH-Z2B 


2 


(1,1.212) 


{yh,min{a'^), yh,max{a?)) 



and to three classes of the KdS naked-singularity spacetimes NS-Zl, NS-Z2, and 
NS-Z3 differing in the number of circular orbits where Zir; ,y) = 0. 
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Class 


Subclass 


Orbits 


Interval of a^ 


Interval of y 


NS-Zl 


NS-ZlA 


1 


(0,1) 


{yh,rnax{a'^),Oo) 




NS-ZlB 


1 


(1,1.212) 


{yh,m.ax{a'^),00) 




NS-Zlc 


1 


= 1.212 






NS-ZlD 


1 


(1.212,1.367) 


{yZ,max{a^),00) 




NS-ZlE 


1 


(1.367,1.813) 


(0, yz,min{0?)) U (yz,max(a^), OO) 




NS-ZlF 


1 


(1.813, cx)) 


(0,oo) 


NS-Z3 


NS-Z3B 


3 


(1,1.212) 


(0, y/i,mm(a^)) 




NS-Z3C 


3 


= 1.212 


(0, yz,max(a^)) 




NS-Z3D 


3 


(1.212,1.367) 


(0, yz,max(a^)) 




NS-Z3E 


3 


(1.367,1.813) 


{yz^min (a^ ) , yz^mai; (o^ ) ) 


NS-Z2 


NS-Z2D 


2 


(1.212,1.367) 


2/ = 2/Z,ma2^(a^) 




NS-Z2E 


2 


(1.367,1.813) 


2/ = yz,min{a'^) U 2/Z,max(a^) 



In Fig.[TT]we give the behavior of the functions yz,min{a^), yz,max{a^), yh,max(a'^), 
and yh^inin{a'^)- Quahtatively different types of behavior of the function Z{r; a^, y) 
corresponding to the given classification are illustrated in Fig. [121 





'\ NS-Zl 






/ NS-Z3 


\NS-Z2 


BH-Z2 







0.25 0.5 0.75 1 1.25 1.5 1.75 2 



Fig. 11. The classification of the KdS spacetimes according to the number of circular orbits 
where Z{r; ,y) = 0. The functions yu max{o?) (dashed-upper) and yn min{<^^) (dashed-lower) 
determining the extrema of yfi{r;a^) separate regions corresponding to the black- hole spacetimes 
BH-Z2 with two circular orbits where Z{r; a? ,y) = and to the naked-singularity spacetimes. For 
o? > 1.212, the functions yz,max{o?) (solid-upper) and yz,min{o-^) (solid-lower) determining the 
extrema of {/z(r';a^) determine the spacetimes NS-Z2 with two circular orbits and separate the 
regions corresponding to the NS-Zl and NS-Z3 naked-singularity spacetimes with one and three 
circular orbits where Z{r\a? ,y) = 0. For a? < 1.212, the function yz maxio-'^) (dotted) does not 
influence the classification as well as the negative parts of the functions y/i min{<^^) yz,minio.'^) 
which are not illustrated here. 
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Schwarzschild-de Sitter and Kerr cases 

In the SdS spacetimes (a^ = 0, y > 0), the relation (|40|) imphcs the mass and 
velocity independent part of the centrifugal force in the form 

Zsdsir;y) = '^, (60) 

where = — 2r — yr^. The centrifugal force is well defined in the stationary 
regions where > 0, i.e., at all radii between the black-hole and cosmological 




Fig. 12. The mass and velocity independent part of the centrifugal force. There are examples 
of qualitatively different types of behavior of Z{r; a'^,y) corresponding to the classification of the 
KdS spacetimes according to the number of circular orbits where Z(r; a? ,y) = 0. The first type of 
behavior corresponding to the class BH-Z2 is illustrated in the inner and outer stationary black- 
hole regions separately. Positive (negative) parts of Z{r; a^, y) determine repulsive (attractive) force 
oriented outwards (towards) the singularity at r = 0. The zero points of the function determine 
the radii of circular orbits where the centrifugal force vanishes independently of the velocity. The 
vertical lines denote the asymptotic behavior of the function at event horizons. 
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event horizons given by solutions of the equation (|48p . The function Zsds [f] y) 
diverges at the radii of horizons and vanishes only at the radius r = 3. Since both 
horizons coincide at r = 3 in the case oi y = 1/27, then there is only one class of 
the stationary SdS spacetimes BHsds-Zl {0 < y < 1/27) with one circular orbit at 
r — 3 where the centrifugal force vanishes independently of the velocity and changes 
its orientation (see Fig. [6]). 

In the Kerr spacetimes'^ (a^ > 0, y = 0), the relation (|40)) implies the mass 
and velocity independent part of the centrifugal force in the form 

2^ r4(r-3)+ra^[r(r~3) + 6]-2a4 

where = — 2r + a^. In the Kerr spacetimes, the centrifugal force is well defined 
in the stationary region where A^ > 0, i.e., it is not defined in the dynamic region 
between the inner and outer black-hole event horizons determined by solutions of 
the Eq. ([5T|) . It follows from the relation ([6T|) that for given values of the rotational 
parameter , the centrifugal force vanishes independently of the velocity on circular 
orbits with the radii determined by solutions of the equation 

r^{r - 3) + ra^[r{r - 3) + 6] - 2a^ = 0, (62) 

which we consider as the implicit form of the function a^j^(r), and restricted by 
the condition 

4k (0 > alxir). (63) 

The function a^j^ir) clearly coincides with the function a^Q(r). Its maximum is 
located at r = 0.812 and takes the value a\x max = 1-367. For given values of the 
rotational parameter a^, the local extrema of the function 2^i<-(r;a^) are given by 
solutions of the equation 

4a*(l + r) + a^r{r[r{2Q + r) - 12] - 16} + a^r'^{2A + r'^[r{2Q + r) - 78]} - 

aV5[r(r - 6)(r - 10) - 72] - r^[r{r - 6) + 6] = 0, (64) 

which we consider as the implicit form of the function a^g^^ (r) . The radii of circular 
orbits where the centrifugal force vanishes independently of the velocity and does 
not change its orientation are determined by common points of a^^(r) and a^ex(?'). 
The only such point satisfying the condition (|63p corresponds to the maximum of 

All the characteristic functions a^if(»'), ^Zeif(^) ^'"^ illustrated in 

Fig. [131 In the parameter line (a^) of the Kerr spacetimes, the extrema of the charac- 
teristic functions separate regions corresponding to one class of the Kerr black-hole 
spacetimes BIIk-Z2 and to three classes of naked-singularity spacetimes NSk-Z1, 
NSk-Z2, and NSk-Z3 differing in the number of circular orbits where Zxir; a^) — 0. 
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Class BHK-Z2: < < 1 

In the inner stationary region of the spacetime, there is one orbit where the cen- 
trifugal force vanishes independently of the velocity and changes its orientation as 
well as in the outer stationary region. 

Class NSK-Z3: 1 < < 1.367 

There are three orbits where the centrifugal force vanishes independently of the 
velocity and changes its orientation. 

Class NSK-Z2: = 1.367 

There are two orbits where the centrifugal force vanishes independently of the ve- 
locity, but the orientation is changed only on the outer orbit. 

Class NSk-ZI: > 1.367 

There is one orbit where the centrifugal force vanishes independently of the velocity 
and changes its orientation. 




1 2 3 4 5 



Fig. 13. Characteristic functions (dashed-dotted) determining the loci of event horizons 

and limiting the dynamic region where < (r) (gray) ; (r) (solid) determining the circular 
orbits where Zi{{r;a'^) = 0; i^eif ('') (dashed) determining the extrema of Zi{{r;a'^). For given 
a^, the loci of horizons are determined by the solutions of = '^^^ circular orbits where 

Zxir'tO^) = and the extrema of Zfc{r; a'^), respectively, are determined by the solutions of 

= a'^j^{r) and = o-^^x^'''^' respectively, and restricted by the conditions a^^j^{r) > 
and o.'^f.fci^) > '^lx(') ('•'^■! the parts of a^^(r) and ciz^j^(r) in the gray region or on its border 
axe irrelevant). In the parameter line (a^), the extrema of the characteristic functions separate 
regions corresponding to one class of the Kerr black-hole spacetimes BHK-Z2 with two circular 
orbits and to three classes of the Kerr naJsed-singularity spacetimes NSK-Z3, NSK-Z2, and NSK-Zl 
with (subsequently) three, two, and one circular orbits where Z[c{r; a^) = 0. 
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Qualitatively different types of behavior of the function ZK(r;a^) corresponding 
to the given classification are illustrated in Fig. [Ml 

6. Conclusions 

The Kerr-de Sitter black-hole spacetimes contain two stationary regions in the equa- 
torial plane. The inner region is limited by singularity and by the inner black-hole 
horizon. The outer region is limited by the outer horizon and by the cosmological 



BHk-Z2 :a =0 . 5 



BHk-Z2 : a^=0 . 5 




8 10 




NSk-Z1 : a*' = l . 5 



NSk-Z1 : a =3 




8 10 




Fig. 14. The mass and velocity independent part of the centrifugal force. There are examples 
of qualitatively different types of behavior of Zif{r;a^) corresponding to the classification of the 
Kerr spacetimes according to the number of circular orbits where Zfc(r; a^) = 0. The first type of 
behavior corresponding to the class BHK-Z2 is illustrated in the inner and outer stationary black- 
hole regions separately. Positive (negative) parts of Zf^{r; a^) determine repulsive (attractive) force 
oriented outwards (towards) the singularity at r = 0. The zero points of the function determine 
the radii of circular orbits where the centrifugal force vanishes independently of the velocity. The 
vertical lines denote the asymptotic behavior of the function at event horizons. 
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horizon. For any given values of the rotational parameter a and the cosmological 
parameter y, in each of these regions, there is only one circular orbit where the 
gravitational force vanishes, and only one orbit where the centrifugal force vanishes 
independently of the velocity. Both the gravitational and centrifugal forces change 
their orient atio ns on these orbits. The same situation occurs in the Kerr black-hole 
spacetimes except for the outer stationary region, where there is no circular 
orbit where the gravitational force vanishes, in contrast to the Kerr-de Sitter outer 
stationary region. In the only stationary region of the Schwarzschild-de Sitter space- 
times there is also only one circular orbit where the gravitational force vanishes 
and one circular orbit where the centrifugal force vanishes independently of the 
velocity. 

The Kerr-de Sitter naked-singularity spacetimes contain one stationary region 
between the singularity and the cosmological horizon. In some of these spacetimes, 
even three circular orbits where the gravitational force vanishes and other three 
orbits where the centrifugal force vanishes independently of the velocity can occur. 
This indicates a relatively complex structure of these spacetimes as a result of mixed 
influence of the rotation of the source and the cosmological repulsion. It is more 
complicated situation than in the Kerr naked-singularity spacetimes, where the 
maximum number of orbits where the gravitational force vanishes is only two. On 
the other hand, there are at most three circular orbits where the centrifugal force 
vanishes independently of the velocity in accord with the case of the Kerr-de Sitter 
naked-singularity spacetimes 

Clearly, in the Kerr-de Sitter black-hole spacetimes as well as in the naked- 
singularity spacetimes, the additional radii where the gravitational force vanishes 
(compared to the Kerr spacetimes) occur due to the effect of the cosmological re- 
pulsion. 
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